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We prove thet /I%(n) x n,(p) has a regular basis iff d,(a) @ A,(,@ has a regular 
basis S&(x) @j n,(p) is isomorphic to a Cartesian product of two power 
series spaces. We give a simple condition on N, p which determines when these 
equivalent statements hold. 
In 1965 Dragilev [3] introduced the idea of a regular basis in a 
nuclear Frechet space. This property, which makes it easy to compute 
various topological linear invariants, was useful in the study of 
quasi-equivalence of bases. The culminating result of this development 
occurs in [2] with the proof that every space with a regular basis 
has the quasi-equivalence property. 
Regular bases have also been interesting in the study of Cartesian 
products and as a means of classifying nuclear K&he spaces [ 1, 41. 
In this paper we introduce a property weaker than regularity (we 
do not know if it is strictly weaker) which avoids certain difficulties 
occurring in dealing with regularity but is strong enough to obtain 
all results that can be obtained using regularity. In particular, the 
result on quasi-equivalence is still valid (Theorem I). 
In his original paper [3], Dragilev gives an example of a Cartesian 
product of two power series spaces of different type which does not 
have a regular basis and in [5] he gives an example in which it does. 
Theorem 2 below gives a complete analysis of the situation for 
products of power series spaces. 
In the Iast section of this paper we study tensor products of power 
series spaces and here the concept of pseudo-regularity proves to be 
a natural tool in characterizing the existence of a regular basis and 
also in determining when a tensor product can be represented as a 
Cartesian product, either of two power series spaces or of a space 
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of type (dr) with a space of type (d,) (Theorem 3). ‘l’he main value 
of using pseudo-regularity lies in the fact that the choice of matrix 
representation is irrelevant. It should be noted that subsequently 
we have been able to obtain all of our results without using pseudo- 
regularity. 
I. NOTATION AND DEFINITIONS 
For the standard theory of nuclear Frdchet spaces and bases 
in such spaces we refer the reader to [6]. For a lucid description 
of the diametral dimension S(E) and the ideas surrounding the 
Dragilev theory, see [I]. 
Two bases (x,~) and (y,,) in a nuclear FrCchet space E are equivalent 
if C tnx,, converges in E iff x t,Ly,I does. The bases are semi-equivalent 
if there is a sequence of positive numbers (tlJ such that (tnxn) is 
equivalent to (y,,). They are quasi-equivalent if there is a rearrange- 
ment of one which is semi-equivalent to the other. A nuclear Frechet 
space with a basis has the quasi-equivalence property if all bases are 
quasi-equivalent. 
A representation of a basis (x,,) in a nuclear Frechet space E is 
an infinite matrix (u:) for which there exists a fundamental sequence 
of seminorms (pJ defining the topology of E such that CZ~ = ~Jx,,). 
The basis is regular if it has a representation (a:) such that 
or, equivalently, if there is a representation such that for every k 
there is an n,< such that the inequality holds for n 2 n, . Such a 
representation is called a regular representation. It is not hard to see 
that a regular basis can have representations which are not regular. 
A basis (x,J in a nuclear FrCchet space is of type (d,) if it is regular 
and if, for any representation (a:), we have 
It is of type (da) if it is regular and if, for any representation (a:), 
we have 
vp 3q 3 v’r, lip ((a~8)z/a~a$ =: co. 
The simplest and most important examples of nuclear FrCchet 
spaces are the power series spaces. Specifically, we will consider 
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in this paper nondecreasing sequences of positive numbers x, ,8 such 
that 
log(n -i- I) sup ~--~- : CI, and lim ~(’ .I’:.!1 
A, 
0, 
,1 % ,, 
‘I’hen we define the power series spaces A ,(x), A,(p) of injhite and 
finite t-vpes, respectively, by 
With the seminorms (pk) in each case the spaces are nuclear Frechet 
spaces. Moreover, the sequence (e,,) where err is the. infinite sequence 
whose nth term is I and all others 0, is a basis for each of these spaces, 
of types (dl), (d,), respectively. It is called the coordinate Oasis. 
In Theorem 3 we will also use sequences ii;, Z in the role of 1, 
and sequences 8, /J? in the role of /3. 
N will refer to the set of positive integers and c,, will be the set 
of all those sequences which converge to 0. 
If E is a set of sequences and I is a subset of N, then the stepspuce 
of E corresponding to I is the set E, of those 5 E E such that <,, ~~ 0 
for n fj! 1. 
If h is a set of sequences we define the K&he dual Xl of X by 
If a is a sequence and p is another set of sequences, vve lvrite 
a.X~-{(a,h,),:bEh:, p.x ,iL” .h. 
2. PSEUDO-REGULAR BASES 
The difficulty which often arises with regularity is that in order 
to show that a basis is not regular, one must consider all possible 
representations. To avoid this problem we introduce the following 
definition. A basis (xII) in a nuclear FrCchet space is pseudo-regular 
if it has a representation (a$) such that 
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It is easy to check that this holds for a given representation of (x,[) 
iff it holds for every representation of (x,J. 
For one example in which pseudo-regularity seems more con- 
v-enient to work with than regularity, one might compare the proof 
of [3, ‘I’heorem 8 (along with 1,emma 3)] with the argument for 
(ii) ~2, (iii) in ‘I’heorem 2 below (along with Proposition 5 and the 
simple fact that condition (iii) of ‘I’heorem 2 does not hold for 
:I,( = p,, = n). 
W:e begin with some results that compare pseudo-regularity with 
regularity. 
PROPOSITION 1. Ezery regular basis is pseudo-regular-. 
Proof. If (uff) is the representation of the basis which satisfies 
the definition of regularity, then by taking q = p and s =: r we 
see that the representation also satisfies the definition of pseudo- 
regularity. 
PROBLEM I. Is every pseudoregular basis regular? 
‘I’he solution to Problem I is positive for a wide class of spaces 
given by Theorem 3 below. For now we will give one simple illustra- 
tion. 
EXAMPLE I. If E : A,, where lim,l(8r,,/tr,,T1) 0, then a 
basis for E is regular iff it is pseudo-regular. Indeed, if T is a permuta- 
tion of N, then (e,c,,,) is a basis for E and it is pseudo-regular ifI 
This, along with our assumption about (cxTL), implies that, with 
perhaps finitely many exceptions, z(m) < n(n) for m < n. Hence, 
r(n) = TZ for n sufficiently large, so that (encn,) is obviously regular. 
Since E has the quasi-equivalence property, it then follows that 
every pseudo-regular basis for E is regular. 
In view of [2, Lemma 21, there is another property of bases which 
we might compare with regularity and pseudo-regularity-that is, 
6(E) = X AX. W e can show that this property is implied by pseudo- 
regularity. 
PROPOSITION 2. I‘et E be a nuclear Fre’chet space with a pseudo- 
regular basis (x7%) and a representation (a:). Let h =p n,, (I/@)Z, . 
Then 6(E) h . AY. 
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Proof. We may assume that (a:) is such that a/‘/a* E cO for p < q. 
Then we can compute directly, 
\vhere the superscript n refers to the decreasing rearrangement of a 
sequence in CO. Now the definition of pseudo-regularity implies 
that Vp 3q 3 V’I > q 3s > p 3 the sequence as/a? dominates the 
decreasing rearrangement of the sequence up/a”, and the sequence 
a~‘/~” is dominated by the decreasing rearrangement of a’r/ar. The first 
inequality leads us to conclude that 6(E) C h . AX and the second 
that h . Ax C S(E), so the proposition is established. 
PROBLEM 2. In the context of Proposition 2 does the equality 
S(E) m-7 h . AX imply that the basis is regular, or even pseudo-regular ? 
PROBLEM 3. If a basis (x,J for a nuclear FrCchet space E has 
the property that S(E) = h . Ax (A is defined as in Proposition 2), 
does it follow that E has the quasi-equivalence property ? 
We can give an apparently weaker form of Problem 3 which is 
actually equivalent because of [2, Lemma 21. 
PROBLEM 3’. If a basis (x~) for a nuclear Fr&het space E has the 
property that S(E) = h . Xx, does every basis for E have a permutation 
which has this property 1 
3. CARTESIAN PRODUCTS OF POWER SERIES SPACES 
In this section we establish some facts which indicate that the 
theory of regular bases carries over to pseudo-regular bases. These 
results are used to obtain information about the regularity of bases 
in product spaces. 
PROPOSITION 3. If  a nuclear Frtchet space E has a pseudo-regular 
Oasis then every basis for E has a permutation which is pseudo-regular. 
Prroof. It is obvious that the inequality in the definition of pseudo- 
regularity remains true if the matrix (a;) is replaced by (t,,aQ 
where (k,) is any nondecreasing unbounded sequence of integers 
and (t,,) is any sequence of positive numbers. The result then follows 
from [I, Theorem 2.21. 
216 CRONE, DUBINSKY .4ND ROBINSON 
PROPOSITION 4. Any two pseudo-regular bases in a nuclear Frbchet 
space are semi-equivalent. 
Proof. This is immediate from Proposition 2 and [2, 1,emma 21. 
COROLLARY. Sf a nuclear FrPchet spare has a regular hasis, then 
eaery pseudo-regular basis for this space is regulas. 
Proof. I,et (x,!) b e a regular basis and (Y,~) a pseudo-regular 
basis in a nuclear FrCchet space. I;rom Propositions 1 and 4 it follows 
that these two bases are semi-equivalent, so (yl() is regular. 
Remark. The corollary extends Example 1 to all power series 
spaces. WT;e will give below some further cases in which the two 
properties are equivalent. 
THEORE~TI 1. Every nuclear Fre’chet space with a pseudo-regulul 
basis has the quasi-equir?alence property. 
Proof. This is an immediate consequence of Propositions 3 and 4. 
Remark. Using the above results along with [I, Theorem 2.21, 
it is not difficult to extend many of the results of [3, 41, to spaces 
with pseudo-regular bases. For the remainder of this paper we concern 
ourselves with Cartesian and tensor products of power series spaces. 
We begin with a preliminary result that is a generalization of an 
argument of Dragilev [3]. 
PROPOSITION 5. Let E, F he nuclear Frtchet spaces with (alt., 
pseudo-) regular bases (x,{), (y,,) respectively. Then E II F has a 
(pseudo-) regular Oasis i# there exist strictly increasing sequenres of 
indices (m,) and (ni) such that the basis (z’,~) gi-ien by 
is (pseudo-) regular. (Note that we are identifying E, F as subspaces 
qf E x F in the usual way.) 
Proof. Suppose that E x F has a regular basis. By [3, Theorem I] 
we know that a regular basis (w,) can be obtained by joining together 
the sequences (xII) and (yI1) in some order. Since a subsequence 
of a regular basis is regular we obtain regular bases (x7(,,)), (yOc,,,) 
for E, F. That is, (u,) consists of the terms of the sequences (x,(,,>J), 
(yOc,,)) intertwined in some fixed way without changing the order. 
But then, by [2, Lemma 21, ( x,(,,)) is semi-equivalent to (xii) and 
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( J*~,(,,,) is semi-equivalent to (J,,). ‘l’h us, if we construct (c,,) by putting 
,Y ,l ) I’,~ w-here -qll) , J:,(,,) appeared in (u,!) it follows that (v,,) is 
semi-equivalent to (u,,), so it is regular. 
The proof fo r pseudo-regular bases is obtained bv using Proposi- 
tions 3 and 4 instead of [3, Theorem 1 ; 2, Ixmma 21. 
‘I‘IImkml 2. 7’h~~follo;wing statenlents ure quimlent. 
(i) A,(Q) ;,~ Al@) has a regzilar Oasis. 
(ii) ,/l,(z) > A,@) hus a pseudo-regular busis. 
(iii) There exist strictly increasing sequences 
(ni) w-h that 
lim 2% ==~ 0
c ) i /%,il 
f7lZd inf (Z!!!?) 
i \ I%,,~, ; 
Proof. (i) e- (ii) is just Proposition I. 
of indices (nzi) and 
. 0. 
(ii) ~3 (iii). W e use Proposition 5 with (x,,), (J,() equal to the 
coordinate bases for A,,(U), Al@), respectively. If vve then apply 
the definition of pseudo-regularity to the basis (z?,() with nz := mj , 
n = nj + I we conclude that 
p~,l p,, Vi suficiently large and p, j E (0, I), 
which implies the first part of (iii). For the second part we set 
m =- n<,, , n = mj -I- I and conclude that 
3p, j E (0, I) 3 p’t~~~~~ -: p”Qr Vi sufliciently large, 
which implies the second part of (iii) 
(iii) 5 (i). W e will show that, using the sequences (m,), (n,) 
from (iii), the basis (z),J of Proposition 5 is regular. From the second 
part of (iii) we have M >, 0 such that /3,,,+, < MR,,~~.~~ Vi. Hence we 
can choose a strictly increasing sequence of positive integers (lz,) 
such that 
Then if we set 
it is not hard to check that (a:) is a representation for (zq)?) which 
satisfies the definition of regularity. This completes the proof of 
the theorem. 
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In the next section we will give some specific cases for X, /3 in 
which condition (iii) of Theorem 2 holds and some cases in which 
it does not. 
4. 'r~Ns0R PRODUCTS 0~ POWER SERIES SPACES 
In this section we characterize those a, /3 for which A,(n) @ Al(p) 
has a (pseudo-) regular basis. This will establish the quasi-equivalence 
property for a large class of tensor products. 
If E, , E, are nuclear FrCchet spaces with bases (xJ, (yJ respec- 
tively, then the completed topological tensor product E, @ E, is a 
nuclear Frechet space with basis (x,,, @ y,l)(,,L,,,)t,VXZI . If (a:), (6:) 
are matrix representations of (x,,), (Y,~), respectively, then (LZ& 6;) 
is a matrix representation of (x,{ @I y,,). We will not need any further 
information about tensor products. For more details we refer the 
reader to [6]. 
In this section, (x,?) and (y,,) will refer to the coordinate bases 
for &,(a) and 4(P), respectively. We will consider as standard 
representations of these bases, the matrices (kai), ((k/(k + l))Nti). 
PROPOSITION 6. If E = A,(n) @ Al(p) is isomorphic to a space 
Fl x F, where Fi is of type (di), i ~--- I, 2, then ‘x, /l satisfy condition 
(iii) of Theorem 2. 
Proof. Using the fact that F, ,< Fz has the quasi-equivalence 
property [S], we can show that N x IV is equal to the union of two 
disjoint subsets 1, and I, such that the stepspace E, is isomorphic 
to Fi , i = I, 2. Thus A%(%) @ /Ii(p) ~ El1 @ EIz . &ice no step- 
space of a space of type (dJ is of type (dj) when z f j [3], it follows 
that the sets {n: (m, n) E I,), m -= 1, 2 ,..., and {m: (m, n) E I,), 
n == 1, 2 ,..., arc finite. Thus we can define, for each n, 
g(n) --= min{m: (7~2, n) E 1,:) h(n) max(m: (nt, rz) E I.,: 
Now let IV,, = {n: h(n) > g(n)). Since (g(n), n) E Ii for all n, we 
conclude that 3p 3 b’q 3~ 3, 
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But (h(n), rz) El, f or all n so it follows that IV, is finite. Thus vvc 
may assume that Iz(n) < g(n) f or all n, which immediately implies 
that h(n) :: g(E) ~ I. 
Next let A7,, = {TZ: g(n + 1) <I g(n)). It follows that (h(n), e) E I, 
for all rz and (h(n), n + 1) E I, for n E IV, From the definition of 
type (d,) it follows that VP 3g 3 Vr, 
Since (12(n), n + 1) ~1~ for n E N, it follows that S,, is finite. Thus 
vve may assume that g(n) is nondecreasing. 
Now we define the sequences (HZ,), (n,) inductively by setting 
fll maxin: h(n) ~-= h(l)), mi = h(n, + 1) and nil, -m-= maxin: h(n) 
’ ???ij for i -= 1, 2,... This implies that (mi + 1, nibI) E I, and 
(rni ) 9zj 4- I) E12 f or all I’. From the definition of (d,) and (d,) we 
may then conclude that 
3p, p t (0, I ) 3 p*“t vi _ $‘“A 1 for i sufticientl~ large, 
an d 
pf’q’l p”‘“z for all i sufficiently large and p, p E (0, I). 
This implies the desired conditions and completes the proof of the 
proposition. 
IYe are now ready for the main result of this paper. 
‘I’HEOHEM 3. I,et E --- A I (.Y) @ Al(p). The foZlowing conditions are 
equiealen t 
(i) E has a regular basis. 
(ii) E has a pseudo-regular basis. 
(iii) A,(a) x AI(~) has a regular basis. 
(iv) A,(cY) x A#) h as R pseudo-regular basis. 
(v) There exist strictly increasing sequences of indices (mi) 
and (ni) such that if C? is generated from Y by inserting ni repetitions 
?f a,,, when miml < m < mi and ,/? is generated from p by inserting mi 
repetitions ?f /3,, when ni r’ n < nj l , then E is isomorphic to A,(Z) x 
4(b). 
i _ ,y E zs isomorphic to a space F, x F, where Fi is of type (di), 
, ’ 
(vii) x, fl satisf-y condition (iii) of Theorem 2. 
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Proof. The implications (i) =- (ii) and (vi) -> (vii) arc just 
Propositions 1 and 6, respectively. l’he equivalence of (iii), (iv), 
and (vii) is just ‘l’heorem 2. The implication (v) =- (vi) is obvious 
and (iv) follows from (ii) because a subsequence of a pseudo-regular 
basis is obviously pseudo-regular. WC will complete the proof by 
showing that (v) and (iii) imply (i) and (vii) implies (I-). 
If (iii) holds, then, since A, (E) A1,(,G) has a representation 
which is obtained from a regular representation for A,(x) ill 
by repeating each column a finite number of times, it follo\vs that 
A,*(&) :k’ Al@) h‘ as a regular basis. But then, if (k-) holds, E has a 
regular basis. 
Finally then, let us suppose that (vii) holds. Set m,, 0 and 
1, i, {(m, 12): 117, - K. m - m,. )I d, 
,:I 
I2 2 ((172, 77): II, s : m :z u,,, , m m,:. 
Clearly :V > N is the disjoint union of -I, , Iz so E -:I E,, 1% E,, 
We will show that EI1 :=- A,(G), E13 Al(p) where .C,<,,,, ~~ a,, , 
Cm, n> E 1, > and is,,,,,, : /3,, , (m, YZ) E Iz . This will complete the proof 
since &, /3 are rearrangements of 8, p”, respectively. 
From (vii) we have 6 > 0 such that ~i,~,~ L1 Z S,B,,,+, , for all i. 
Thus, given p we choose q > p such that 
and this implies that 
so that El1 C A,(&). The opposite inclusion is immediate. Nest 
we note that for any p we can choose E -> 0 such that 
P I+< 
’ (P + 1)” 
pA2' 
and from (vii) we know that a,,, , < +I,, -, 1 for i sufficiently large so that 
k”m 
i 
(k j- 1)” B,, 
k(k t- 2) 1 ’ 
for all but finitely many (m; n) E I, . This shows that AI(p) C ET2 and 
the opposite inclusion is immediate, so the theorem is proved. 
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Remarks. (I) We can give tvvo specific cases in which condition 
(iii) of Theorem 2 is satisfied. 
(a) Given 01, there exists /3 such that the condition is satisfied 
iff s~p,~(~,, r/ikn) -7 \m). 
(1~) Given p, there exists in such that the condition is satisfied 
iff sup,,(p,, I//3,,z) = cx). 
Indeed, the condition implies that the ratios go to s as m, 11 run 
through the values mi , nj , respectively. For the converse, in case (a) 
we choose (mi) such that lim,(~,,,,~. ,/Y,,,() ~~ rx; and set nj ~~ i, 
Pi zy )Cm., 1 . In case (b) we choose (ni) such that lim#,,, i//3,r,) emu z
and set mi -:: i, 01~ :mm /3,,, . 
(2) Of course, the above conditions do not characterize /3 in 
terms of 1 (or E in terms of /I). ‘I’his is done by observing that condi- 
tion (iii) of Theorem 2 is equivalent to each of the following statements. 
(a) 36 > 03 lin~,,(l/P,i) max(x,,,: a,), < Sp,J 0, 
(b) 3M > 0 3 lim,,,( 1 /a,,,) min(/3,,: ,B,, >, Mn,,,j c/3. 
Indeed, if (a) holds we may take (mJ and (ni) as determined by 
the increasing rearrangement of {$x,,!> u j26p,,) with notation as in 
Proposition 5. The condition then follows immediately Conversely, 
we may consider n such that ni .< n < nj. i and suppose that 
%I& 1 - ’ ‘- @L,+, for all i. Then if LY,,, <’ S/3,, it follows that MY,,, 5: s/3,,,+, , 
so m < nri and 
The equivalence of (b) is established similarly. 
(3) 1~ (PA b e such that lim,L(P,i+l/P,,L) = cc, so that by 
Remark l(b) there is an 01 for which condition (iii) of Theorem 2 
holds. However, if we define a: by setting 01~~ = P,,/k for n = 
2’“-‘(2j - I), k,j = I, 2 ,..., then, by 2(a), the condition does not 
hold for this a. 
(4) If ~1, p satisfy condition (iii) of Theorem 2 then A,c(a) @$ 
Al(p) satisfies the quasi-equivalence property. This follows from 
Theorem 3(vii) = (ii) and Theorem 1. Similarly, A=(B) x Al@) 
also has the quasi-equivalence property. Alternatively, the same 
result can be obtained by using Zaharjuta’s result [8, Theorem 121 
and Theorem 3(vii) * (vi). 
(5) We conclude by showing that in all cases the space is changed 
if @ is replaced by x and the exponent sequences are unchanged. 
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Certain special cases of this fact follow easily from the computations 
of approximate dimension as, for example, in [7]. 
PROPOSITION 7. A,(a) @ A#) zs nezer isomorphic to A ,*(:I) _I 
4(P). 
Proof. If this were so, then in the notation of Theorem 3(v), 
&(a) x Al@) would be isomorphic to AZ(g) x Al@). By a theorem 
of Zaharjuta [X, Theorem 11, there is an integer s such that A,(a) 
is isomorphic to [A&&i)]“, h w ere the superscript s indicates a product 
with an s-dimensional space or a quotient by a (--s)-dimensional 
space depending on whether s is positive or negative. This implies that 
But, as we have seen, condition (iii) of Theorem 2 implies that 
and from the definition of c it follows that ~~~~,.+t+ < %L, for i large 
enough, and so 
which is a contradiction. 
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